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Abstract

The paper is written on the basis of a part of “Analysis of algorithms” course for students
of the Computer science department of the Division of mathematics and mechanics of
Saint Petersburg State University. The example of the computer implementation of the
Gauss method illustrates the difference between the algebraic complexity (the number
of arithmetic operations) of processing integers and the computational complexity which
depends on the length of the input data. A formula which specifies the increase in the
length of matrix coefficients, along with the implementation the Gauss method, is proved.
The problems arising in the processing of large integers associated with “chopping” num-
bers are shown. To overcome the indicated problems, the possibility of using multi-valued
integers is proposed. The upper bounds of the number of steps for processing the multi-
valued integers is shown to coincide with such bounds for a multi-tape Turing machine.
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1. INTRODUCRION

This article is written as a part of “Analysis of algorithms” lecture course for students of the
Computer science department of the Division of mathematics and mechanics of Saint Petersburg
State University. The idea of including the material presented here in these courses emerged a
long time ago, after N. K. Kosovsky [1] noticed the fact that using the Gauss method with inte-
gers (only multiplication and addition/subtraction operations are allowed), the length of matrix
elements increases exponentially with the number of iterations and, therefore, with the length
of the input data. However, firstly, all textbooks write that the Gauss method is a polynomial
algorithm, and secondly, with an exponential increase in the length of the recorded result, the
algorithm cannot be polynomial. Appeal to specialists in algebra did not give a positive resolu-
tion of this problem: the complexity of an algorithm, in algebra, is considered to be the number
of arithmetic operations performed, not paying attention to the increase in the length of the
recorded result. The people who are engaged in applications are well aware of the overflows
that arise and the “struggle” with them by developing approximate methods.
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2. THE PROBLEMS EMERGING WITH COMPUTER IMPLEMENTATION OF GAUSS METHOD
FOR INTEGER-VALUED MATRICES

Every mathematician knows the following properties of Gauss method for solving a system
of linear equations (as well as for calculation of an inverse matrix): the method is faithful, the
method is unstable. With the implementation to matrices with elements of type real, various
methods of “combating” the instability of the method are developed. Such an instability is closely
connected with the fact that the division operation in the computer is performed approximately
(moreover, the lower digits of the number are chopped, not rounded).

First-year students learn to implement Gauss method without division (except, may be, di-
vision without a remainder) to integer-valued matrices. In such a case there is no a round-off
error. It would seem that all the elements of the type real of each row of the array can be mul-
tiplied by the common denominator of its elements to get an integer matrix of an equivalent
system. After that, calculations are made without using division.

What happens in most modern computers if the result of an arithmetic operation with num-
bers of type integer does not fit in a cell? The senior digits of a result are “chopped”. That is, in
reality, arithmetic operations with numbers of type integer or longinteger are performed in a
computer modulo 2!6 or 232, respectively.

Consider a very simple and illustrative example of solving a system of linear equations with
integer coefficients on a computing device that runs with decimal integers of length 2 (that is,
with integers from the segment [-99,99] modulo; 100). Upon getting a number which length
exceeds two digits, the result is “chopped” at the expense of higher digits."

Solve a system of linear equations with an extended matrix

99 -731|26
( 84 15 |99 )

Obviously, the solution of this system are the numbers 1 and 1. When using the Gauss
method without division, the following actions should be performed: 15-99 — 84 - (—73) and
99-99 —84-26.

In the first expression 15-99 = 1485 = 85 (mod; 100), 84 -73 = 6132 = —68 (mod; 100),
85+32=117 =-83 (mod, 100).

In the second expression 99-99 = 9801 = 1 (mod; 100), 84 -26 = 2184 = —16 (mod, 100),
1-(-16) =17 (mod, 100).

As aresult of applying the first iteration of the Gauss method, we obtain an extended matrix

99 -73 |26
-83 |17 J°

Obviously, the numbers 1 and 1 are not a solution of this system.

3. ANALYSIS OF THE INCREASING COEFFICIENTS WITH THE DIRECT USE
OF THE GAUSS METHOD FOR MATRICES WITH INTEGER COEFFICIENTS

Why, when using the Gauss method for matrices with integer coefficients, not apply the algo-
rithm that students are taught in their first year? It’s all about the high increase of the elements
of the matrix in the process of applying the Gauss method. Let’s see how fast they increase.

In a real computer, this happens modulo 26 for numbers of type integer or modulo 232 for numbers of type
longinteger.
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It is well known (see, for example, [2]) that the Gauss method requires no more than polyno-
mial (cubic) in the dimension of the matrix number of arithmetic operations. But when estimat-
ing the computational complexity of algorithms, the parameter is not the number of arguments
of the problem, but the length of their recorded output. How many operations does a computer
actually do?

Let an integer n x m matrix be given, and the length of each of its element does not exceed
M| aijll<M,i=1,...m, j= 1,...n).? After the first iteration, we have a matrix of the form

ayl adyip...ain
0

: B!
0
where elements of the matrix B! with indices i = 2,...m, j = 2,...n are calculated via the for-
mula
1
b; i
Taking into account that upon multiplying integers, their lengths are added (perhaps minus one),
and upon adding (subtracting) the length of the recorded output does not exceed the maximum
of their lengths plus 1, we have

= al-jan - aljajl.

Ibj; I <2M+1,

i=2,..m,j=2,...n.
After the k-th iteration we have a matrix of the form

a;y a2 ... ark ain

0 by .. b?{k e by,
0 0 .. b5t .. opEt
0o 0 0 Bk

0 0 ... 0

where the elements of the matrix BX with indices of the elements i = k+1,...m, j=k+1,...n
are calculated via the formula

k _ 3 k-13k=1 _ 3k-13k-1
bl.j—bl.j by —bkj bjk . (1)
Here, of course, it is necessary to stipulate cases where b,’g;l =0, b]ljl.‘l =0foralli=k,...m,

but in the “worst” case (in terms of the number of operations performed and the increase of the
lengths of the coefficients) we have

167 I <2@M+1) +1=4M+3,
b3, | <2(4M +3) +1=8M +7,
I b} | <2(8M +7) +1=16M +15.

By induction, taking into account the stipulated cases, it is easy to prove that after the direct
passage of the Gauss method for a matrix of rank r
I b;j |<2"(M+1)-1. 2)

It is known [3] that no algorithm, for which the length of the intermediate data exponentially
depends on the length of the input data, can run in a polynomial number of steps under the
length of the input data. Does it turn out that the Gauss method is not polynomial?

2Hereinafter, the notation || || is used for the length of the recorded output of the word (or number) a.
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4. ANALYSIS OF THE INCREASING COEFFICIENTS WITH THE DIRECT USE
OF THE GAUSS METHOD FOR MATRICES
WITH INTEGER COEFFICIENTS USING THE SYLVESTER THEOREM

The Sylvester theorem is formulated in [2]. According to this theorem, for all k = 2 each

element bfj (i=k+1,...,m, j=k+1,...,n) can be divided without a remainder by b(k Dk-1)
(here b(l)1 =aj1).
Thus, when calculating elements bfj with k = 2, it is possible, while remaining in the frame-

work of integers, to use the formula

(bf.cj_lbk bk lbk 1)

k
bij = = ©)
(k=D(k-1)
In this case, the length of bk will decrease by at least the length of b(k Dk-1) minus one.

Let us see how the estlmate (2) of the length of elements changes after the direct passage of
Gauss method for a matrix of rank r.
Fork=2,i=k+1,...,m, j=k+1,...,nwe have

155, 1 <21 Bf 1 +1= U b2 ey | =1

k-1
21 b5 = DR ey I +2.

As|la;ijll = M we get
I b7, I <2@2M+1) - M+2=3M+4,

163, I <2BM+4) - 2M+1)+2=4M +9,
I b}, I <2(4M +9) - (3M +4) +2=5M +16,

I 53, | <2(5M +16) - (4M +9) +2 = 6M +25.

By induction, taking into account the mentioned cases, it is easy to prove that after the direct
passage of the Gauss method for a matrix of rank r

I b7 1l < (r+ DM + r2. 4

The coefficient r + 1 at M is essentially less than 2". Moreover, the estimate (4) of the com-
putational complexity of the Gauss method is polynomial under the length of the input matrix,
while the estimate (3) is exponential. So, for example, if M = 16 and the rank of the matrix
r = 10, then the estimate (2) without using the Sylvester theorem gives guaranteed lengths of the
coefficients not exceeding 2'°-16 — 1 = 16383 = 1024 - 16. Using this theorem, their guaranteed
lengths do not exceed 11-16 +10? =276 = 17,25 16.

However, it is still a much longer number than that for a value of type integer (binary length
does not exceed 16) or longinteger (binary length does not exceed 32).
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5. THE USE OF MULTI-DIGIT NUMBERS

For processing numbers which lengths do not allow to write them using standard data types,
it is possible to use the so-called multi-digit numbers that can be stored as lists or dynamic ar-
rays. Computations with such numbers are described in detail, for example, in [4]. In this case,
the numbers written in one cell are called macro digits.

In lectures given to students, the author proves estimates for the computational complexity
of arithmetic operations on multi-digit numbers x and y of length n and m, respectively.

When adding (or subtracting) two multi-digit integers, the number of steps is O(max{n, m}),
where a step is the addition of two macro-digits.

Predicates of equality and inequalities of multi-digit integers are checked in min{zn, m} steps,
where by a step we mean a comparison of two macro-digits.

When multiplying two integers under the assumption that m < n (this condition is checked
in 1 step, otherwise the numbers can be multiplied in another order), the number of steps is
O(nm), where by a step we mean multiplication or addition of two macro-digits.

The calculation of the partial quotient of dividing two integer multi-digit numbers may be
done in O(nm-(|n—m|) steps, where by a step we mean multiplication, or addition (subtraction),
or comparison of two macro-digits.

At the same time, students are taught that the estimates obtained coincide with the estimates
of the number of steps of a multi-tape Turing machine that performs the corresponding opera-
tions.

6. CONCLUSION

The paper describes a theoretical justification for the need to use multi-digit numbers (that
is, numbers of arbitrary length that cannot be written as a number of the type integer or longin-
teger) using the Gauss method for matrices with integer coefficients.
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06yLIEHI/Ie CTYAEHTOB NCNO0JZ1Ib30BaHNKO MeTOoa Faycca Ansa
LUeIOUYNCNEHHbIX MaTpuy Npu peansaumm Ha KOMNbOTEpPE

KocoBckas T.M.1, JOKTOP GU3MKO-MaTeMaTUUeCcKnX HayK, JoueHT, B kosovtm@gmail.com

TCaHkT-TNeTep6yprckunii rocyAapcTBeHHbIN YHBEPCUTET, YHUBEPCUTETCKWIA Np., 4. 28, CTapbiii MeTeprod,
198504, CaHkT-MNeTepbypr, Poccus

AHHOTaUUSA

CTaTbsl HanMcaHa Ha OCHOBe YacTy Kypca "aHanun3 anaroputMmoB" A CTYAEHTOB kade-
Apbl MHGOPMATUKIN MaTeMaTUKO-MexaHnyeckoro dakynbteta CaHkT-MNeTepbyprckoro ro-
CyAapCTBEHHOTO YHUBepcuUTeTa. Ha nprMepe KOMMNbIOTEPHOWA peanusauun meTtoga la-
ycca NPOoVANKCTPMPOBaHa pasHuLa MeXay anrebpanyeckoii C10XXHOCTbH (YMCN0OM apu-
dmeTnyecknx onepaumii) 06paboTKM LebIX Yncen N BbIYUCANTENBHOW CI0XHOCTBIO, 3a-
BMCALLEN OT A/IVHBI 3aNUCK BXOAHBIX AaHHbIX. JlokasaHa $opmyna, 3ajatoLias ysenu-
YeHune AAHbI MaTPUYHbIX KO3GOULMEHTOB Npy peann3aLmm metosa Maycca. MokasaHbl
npo6aeMbl, BO3HMKaKOLLMe Npy 06paboTke 6ObLUMX LefbIX Yncen, CBA3aHHbIe ¢ ‘Hapes-
Koi" umop. lns npeofoneHns ykazaHHbIX NpobaeM npegnaraeTcs BO3MOXHOCTb UCMO/b-
30BaHUS MHOMO3HAYHBIX LiefibIX Ymces. [loka3aHo, YTo BepXHUe rpaHunLpbl YMCaa LIaros
npv 06paboTke MHOrO3HAYHbIX Lie/IbIX YMCeN COBMaAaT C TaKMMU rPaHNLAMU ANS MHO-
rO/I€HTOUYHON MaLUVHbI ThHOPUHTa.
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MU L4esbIMn Ynciaamu.

LuntupoBaHme: Kocosckas T.M. ObyueHue CTyAeHTOB MCNOb30BaHNIO MeToza laycca
AN LeNnovncaeHHbIX MaTpuL, Npu peannsaumm Ha KoMmnbtoTepe // KoMnbroTepHbIE UH-
CTpyMeHTbI B 0bpasoBaHuy. 2019. Ne 3. C. 90-95. doi:10.32603/2071-2340-2019-3-90-95

Moctynuna B pegakuymto 05.07.2019, okoH4YatebHbili BapuaHT — 30.07.2019.

KocoBckas TaTbsiHa MaTBeeBHa, AOKTOpP (pU3NKO-MaTeMaTUUECKMX HAyK, AOLEHT, npo-
deccop kKadegpbl UHPOpMATMKU MaTemMaTUKO-MexaHuM4Yeckoro ¢akynbteta CH6ry, X
kosovtm@gmail.com

COMPUTER IN EDUCATION 95


http://cte.eltech.ru
http://dx.doi.org/10.32603/2071-2340-2019-3-90-95
mailto:kosovtm@gmail.com
http://dx.doi.org/10.32603/2071-2340-2019-3-90-95
mailto:kosovtm@gmail.com

	INTRODUCRION
	THE PROBLEMS EMERGING WITH COMPUTER IMPLEMENTATION OF GAUSS METHOD FOR INTEGER-VALUED MATRICES
	ANALYSIS OF THE INCREASING COEFFICIENTS WITH THE DIRECT USE OF THE GAUSS METHOD FOR MATRICES WITH INTEGER COEFFICIENTS
	ANALYSIS OF THE INCREASING COEFFICIENTS WITH THE DIRECT USE OF THE GAUSS METHOD FOR MATRICES WITH INTEGER COEFFICIENTS USING THE SYLVESTER THEOREM
	THE USE OF MULTI-DIGIT NUMBERS
	CONCLUSION

